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Salar eld models with non-standard kineti terms have been proposed in the ontext of k-
ination, of Born-Infeld lagrangians, of phantom energy and, more in general, of low-energy string
theory. In general, salar elds are expeted to ouple to matter induing a new interation. In
this paper I derive the osmologial perturbation equations and the Yukawa orretion to gravity
for suh general models. I nd three interesting results: rst, when the eld behaves as phantom
energy (equation of state less than −1) then the oupling strength is negative, induing a long-range
repulsive fore; seond, the dark energy eld might luster on astrophysial sales; third, applying
the formalism to a Brans-Dike theory with general kineti term it is shown that its Newtonian
eets depend on a single parameter that generalizes the Brans-Dike onstant.
There has been in reent years a renewal of interest
in senarios that propose alternatives or orretions to
Einstein's gravity. These proposals are rather heteroge-
neous: they nd their roots in multidimensional theories
in whih gravity propagates in more than three dimen-
sions [1℄, in salar elds predited in superstrings that
mediate long-range interations [2℄, in various meha-
nisms that might give osmologially observable eets
[3℄ and violate the equivalene priniple [4℄ or Newton's
inverse square law (see e.g. [5℄). Moreover, the osmo-
logial observations of dark energy [6℄ an be explained
in terms of an almost massless salar eld that, if ou-
pled to matter, would again modify gravity [3, 4, 7, 8, 9℄.
Although the sale of the dark-energy interation is ex-
peted to be of osmologial size, observable eets in
lusters [10℄ and galaxies [11℄ have been investigated.
Along with the inrease of interest in the theory, new
experimental tests of gravity have been performed (see
the reviews in refs. [12℄ and reent results in [13℄). Most
laboratory experiments interpret the results in terms of
a possible Yukawa addition to the gravitational potential
V (r) = −Gm1m2
r
[
1 + αe−r/λs
]
. (1)
This form is the stati limit of interations from exhange
of bosons of mass ms = λ
−1
s (in Plank units); the inter-
ation strength α is proportional to the square of the
ouplings. In view of the results below, it is important
to remark that for spin-0 partiles with a standard La-
grangian the strength α is always positive. A negative
amplitude α (i.e. a repulsive eet) an be obtained only
via the exhange of vetor bosons [12℄ or in models with
nite size of gravitons [5℄. The sign of α gives therefore
an important indiation of the underlying physis.
Aim of this paper is to evaluate the Yukawa orretion
to gravity when the salar eld φ has a non-standard
kineti term, i.e. when the ation is generalized as follows
(c = 8piG = 1, signature -+++):
S =
∫
d4x
√−g[R
2
+ p(X,U(φ))] + Sm(ρm, e
2ω(φ)gµν)
(2)
where X = −φ,µφ,µ/2, U(φ) is any funtion of φ, and
where eld and matter are oupled in the ation Sm
through the salar-tensor metri e2ω(φ)gµν ; we are work-
ing therefore in the Einstein frame (the subsript m de-
notes quantities that refer to matter). At the same time,
and with the same formalism, we will derive the equa-
tions of osmologial perturbations. In the standard ase,
p = X − U(φ). Then the funtions α and λs in the
Yukawa orretion are [14℄
α = 2(dω(φ)/dφ)2 ≡ 2ω2,φ ,
λs = m
−1
s = (d
2U/dφ2)−1/2 ≡ (U,φφ)−1/2 (3)
(there is an extra fator of 2 in α respet to [14℄ beause
they assume 2X as kineti term).
Higher-order kineti terms appear quite generially in
superstrings (see e.g. [15, 16, 17℄). Moreover, they have
been used in osmology to model an aelerated phase
without potential, the so alled k-ination or k-essene
[18, 19℄. General kineti terms an also reprodue the
behavior of phantom energy, i.e. a eld with an equa-
tion of state w = p/ρ < −1, whih is realized with a
negative kineti term [20℄. Finally, they have been in-
trodued also in the form of the Born-Infeld lagrangian
LBI = −U(φ)(1 − 2M−4X)1/2 [21℄. Writing the energy-
momentum tensor as
T (φ)µν = gµνp+ p
′φ,µφ,ν , (4)
where p′ = ∂p/∂X , one an readily identify the pressure
with p and the energy density with [18℄
ρ = 2Xp′ − p . (5)
We nd onvenient to write the potential as U =
U0e
−
√
2/3f(φ)φ
, so that U,φ = −
√
2/3f1(φ)U and the
n−th derivative
U
(n)
,φ = (−1)n (2/3)n/2 fnU , (6)
where f0 = 1 and fn = fn−1f1− (dfn−1/dφ)/(
√
2
3 ) . All
general expressions below (i.e. those in whih we do not
2assume a spei form of p(X,U)) ould be simplied
by a redenition of the eld φ∗ ≡ f(φ)φ suh that the
potential beomes exponential; in pratie this amounts
to setting f = µ = const and fn = µ
n
. The Klein-
Gordon equation of motion in a at FRW metri with
sale fator a written in the e-folding time η = log a is
x′ +
(
3 +
H ′
H
)
x− 18Ax3H2p2,0+
Ay2f1µ(p
0,1 − 6x2H2p1,1) = AβΩm , (7)
where we introdued the variables x2 = φ′2/6 and y2 =
U/3H2, and where A = (p1,0 + 6H2x2p2,0)−1 . (Note
that x2, y2 are the kineti and potential energy density
frations in the standard ase.) We denote with pi,j
the derivative ∂i+jp(X,U)/∂iX∂jU (but we also use the
shorthand p′ = ∂p/∂X , p′′ = ∂2p/∂X2; in all other ases
the prime denotes d/dη). The standard ase is reovered
when p1,0 = 1, p0,1 = −1 and pi,j = 0 for any i + j > 1.
To onform to previous notation (e.g. [22℄), we dened
instead of α the oupling
β = (3/2)1/2ω,φ .
The Einstein equations are
1 =
6H2x2p′ − p
3H2
+Ωm ,
H ′
H
= −3
2
Ωm − 3x2p′ . (8)
Notie that X = 3H2x2. The onservation equation for
matter is the same as in the standard oupled ase (e.g.
[22℄). From the denitions of p and ρ we dene the eld
sound speed [18℄
c2s =
∂p/∂X
∂ρ/∂X
=
p′
p′ + 6H2x2p′′
= Ap′ , (9)
and the equation of state
w =
p
ρ
= −1 + 2x
2p′
1− Ωm . (10)
Phantom dark energy, w < −1, requires therefore p′ < 0.
For instane, if Ωm ≈ 0.3 and w ≈ −1.3 [6℄ then p′ ≈
−0.1/x2.
We wish to keep the salar Lagrangian as general as
possible. However, it is instrutive to derive the ondi-
tions of lassial and quantum stability. The lassial
stability is ensured by the ondition ρ > 0 and c2s > 0;
the quantum stability by the positivity of the Hamilto-
nian, i.e. [16℄ A > 0, p′ > 0 and p0,2 < 0. All together,
the onditions are p < p
′
2X , p
′ > 0, p′′ > − p′2X , p0,2 < 0.
Generally speaking, the salar eld an ouple to mat-
ter with dierent ouplings [4℄. The observational on-
straints on the baryon oupling are rather tight[23℄, while
those on dark matter are muh weaker and depend on the
osmi evolution itself [24℄. We assume in this paper a
simplied model ontaining only one speies of pressure-
less matter.
To derive the weak eld limit, we use the longitudinal
gauge metri in η = log a:
ds2 = −(1 + 2Ψ)dη
2
H2
+ e2η(1− 2Φ)dxidxi. (11)
Moreover we redene δφ =
√
6ϕ and introdue the mat-
ter density ontrast δm = δρm/ρm , the dimensionless
matter veloity divergene θm = ∇iv(m)i/H and the eld
density ontrast
Ωφδφ ≡ δρ
3H2
= 2ϕy2f1µ(p
0,1−6x2H2p1,1)−2x
2
A
Φ+
2x
A
ϕ′ .
(12)
In absene of anisotropi stress Φ = Ψ and the metri
perturbation in Fourier spae with wavelength λ = Ha/k
(not to be onfused with λs) is
Φ = −3
2
λ2[(δm + 3λ
2θm)Ωm + δφΩφ + 6xϕp
1,0] . (13)
From now on we assume β = const although the general-
ization to β(φ) is straightforward (see for instane [22℄).
The matter equations are
δ′m = −θm + 3Φ′ − 2βϕ′ , (14)
θ′m = −
(
2 +
H ′
H
− 2βx
)
θm + λ
−2(Φ− 2βϕ) .(15)
Let us now go to the Newtonian limit of small sales,
i.e. k → ∞ or λ → 0. At the rst non-trivial order the
perturbed salar eld equation is
ϕ′′ +F (φ)ϕ′ + mˆ(φ)2ϕ+ cs(φ)
2λ−2ϕ = AβΩmδm . (16)
The funtion F redues to (3 + H ′/H) in the standard
ase and in the stati limit x→ 0; its general expression
depends on higher order derivatives, up to p3,0 , but is
very ompliated and unuseful for what follows (detailed
alulations will be published elsewhere). The dimen-
sionless eetive mass mˆ in units of H−1 is given by
A−1mˆ2 = 2y2p0,1(3ABf21H
2y2 − f2)
+ 3x2p1,0(3p1,0 +A−1)
− 6f21H2y4p0,2 + 18ABH2xy2f1p1,0
− 6H2y2[6ABf21H2x2y2p1,1 +ABf1βΩm
+ xp1,1(3f1 − 2f2x)− 6f21H2x2y2p1,2] . (17)
where B = p1,1 + 6H2x2p2,1. Consider now eq. (16) in
absene of matter, Ωm = 0, i.e. for a self-gravitating
boson uid. For a standard kineti term, cs = 1 and
mˆ2 = U,φφ/H
2 − 12x2. The eetive mass is of order
unity or less if the eld is identied as dark energy (sine
x2 ≤ 1 from the onstraints on w, see eq. (10), and U is
expeted to be slow-rolling with respet to the expansion
rate): therefore the growth of the salar eld utua-
tions is prevented at all sub-horizon sales. Salar eld
3lustering is of ourse possible for large and negative po-
tentials or rapid osillations [25℄, adding internal degrees
of freedom [26℄, and in general at near-horizon sales [27℄.
In the general kineti ase, however, dierent values and
signs of cs and mˆ are possible. If mˆ
2
is negative, then
the eld utuations grow at sales (in units of H−1)
λ > λˆs = |cs/mˆ|; if c2s < 0, the instability is at sales
smaller than λˆs; nally, if both are negative, then the
instability is at all sub-horizon sales.
Let us restrit now the attention to the ase mˆ2, c2s > 0.
Then the solution of the homogeneous equation assoi-
ated to (16) is a fast osillation around zero; the ampli-
tude of ϕ is driven by the rhs foring and is given by the
solution of
mˆ(φ)2ϕ+ cs(φ)
2λ−2ϕ = AβΩmδm , (18)
that is
ϕ =
AβΩmδma
2H2
mˆ2a2H2 + c2sk
2
=
β
p′
k2λ2Ωmδm
a2
(
mˆ2H2
c2
s
)
+ k2
. (19)
From the equation for θ′m and from (19) we see that the
potential ating on matter is the Newton-Yukawa poten-
tial Φ∗ = Φ − 2βϕ that, upon Fourier transform, obeys
the Poisson equation
∇i∇iΦ∗ = −3
2
H2Ωmδm(1 + α˜e
−r/λ˜) , (20)
where
α˜ =
4
3
β2
p′
=
α
p′
, (21)
λ˜ =
λˆs
H
=
cs
mˆH
. (22)
These expressions generalize eqs. (3) and are the main
result of this paper. From α˜ we see that a phantom eld,
p′ < 0, oupled to matter mediates a repulsive fore,
ontrary to bosons with standard kineti terms whose
interation is always attrative. The fore is long range
if mˆ ≤ cs: this depends on the partiular lagrangian
but for a eld that drives the osmi aeleration this is
what one expets. In general, the repulsive salar gravity
may balane and overome gravity at small sales. From
the general expressions for α˜ and λ˜ we derive now two
limits that we an all the laboratory limit (i.e. the stati
interation) and the osmologial limit (i.e. a massless or
dark energy eld ). Finally, we apply the results to the
Brans-Dike model.
Laboratory limit. We speify the Yukawa orretion
to the ase in whih the bakground solution is stati,
φ′′ = φ′ = 0, i.e. x → 0 (assuming that p does not
diverge, e.g. that it does not ontain inverse powers of
X). Then we have cs = 1 and
mˆ2 =
mˆ2s
p1,0
g(p) , (23)
g ≡ 3H
2f1
f2
[
y2f1
(
p1,1p0,1
p1,0
− p0,2
)
− βΩmp
1,1
p1,0
]
− p0,1 ,
where mˆ2s = 2y
2f2 = U,φφ/H
2
is the dimensionless stan-
dard mass, and therefore
λ˜−2 =
U,φφ
p′
g(p) . (24)
In general, g(p) an be given any value. For instane, if
p(X,U) = P1(X) + UP2(X/U) , (25)
where P1,2 are any funtion for whih P1,2(0) = 0, then
g = 0 (i.e. an innite-range fore) in the stati limit. If
instead the lagrangian p is in the form p = K(X) − U
(additive lagrangian), then g = 1 and λ˜ =
√
p′/ms. It
follows that the eet of the generalized kineti term on
the Yukawa orretion an be neatly absorbed into the
two Yukawa parameters α, λ as α˜ = α/p′ and λ˜2 = λ2s/p
′
.
A phantom eld with an additive lagrangian and small ki-
neti energy x therefore has an imaginary eetive mass,
unless of ourse U,φφ is negative as well. As already
remarked this implies an instability of the dark energy
utuations (whether or not the eld is oupled). It may
be onjetured that if suh an instability leads to non-
linearity at large sales before the nal singularity (big
rip) then the singularity itself might be avoided.
Cosmologial limit. If the eld φ is a dark energy eld
its eetive mass mˆ is expeted to be negligible. Al-
though in the general ase this is not neessarily true, we
adopt now this simpliation. Then from (19) we have
ϕ =
β
p′
λ2Ωmδm . (26)
From this we see that the Yukawa orretion to New-
ton's onstant is G = GN (1 +
4
3
β2
p′ ). Derivating δ
′
m and
inserting (26) we obtain nally
δ′′m + δ
′
m(2 +
H ′
H
− 2xβ)− 3
2
Ωmδm(1 +
4
3
β2
p′
) = 0 . (27)
This equation generalizes the similar one given in ref.
[22℄ and shows how the kineti term enters the growth
of the matter perturbations. Although for simpliity it
has been derived for β = const it is atually valid also
for β = β(φ). The solution depends of ourse on the os-
mologial history and on the partiular form of the eld
Lagrangian. This will be studied in subsequent work.
Here we notie only a few interesting points. First, as
already pointed out, a phantom eld has p′ < 0 and
therefore its eet on δm ounterats gravity. This ould
be used to set stringent limits on phantom elds oupled
to dark matter. Seond, sine in general p′ evolves in
time, then also the term β2/p′ is time-dependent, even if
the oupling β itself is onstant. In partiular, if p on-
tains higher order terms in X then the eetive oupling
β2/p′ will hange when the kineti terms beome sub-
dominant, i.e. when the aeleration sets is. This might
introdue novel features as, e.g., a strong non-gaussianity
in the galaxy distribution [28℄.
4Brans-Dike model. As an appliation of the results
let us now onsider a generalization of the Brans-Dike
lagrangian
L =
√
g
2
[ΦR +
2ωBD
Φ
P (Y )] , (28)
where P is any funtion of Y = −gµνΦ;µΦ;ν/2 and where
ωBD is the Brans-Dike onstant (a non-onstant ωBD
an be absorbed in P (Y )). The Brans-Dike salar eld
Φ should not be onfused with the gravitational potential
introdued in Eq. (11). Let us all this model kineti
Brans-Dike (kBD). Under the onformal transformation
g˜µν = e
2ωgµν the Lagrangian beomes of the form (2)
with
p(X,U) =
X
3 + 2ωBD
[
3 + 2ωBD
U
X
P (
X
U
)
]
, (29)
if Φ = e2ω and if we dene X = −ω;µω;µ(3+2ωBD) ,U =
(3 + 2ωBD)e
−6ω/2 , and ω(φ) = φ[2(3 + 2ωBD)]
−1/2
. It
follows nally from eq. (21) that
α˜ =
2ω2,φ
p1,0
=
1
3 + 2ωBDP,Y
, (30)
where P,Y = dP/dY . Moreover, sine p(X,U) has the
form (25) then m˜ = 0 in the stati limit (if P (Y = 0) = 0,
for instane P =
∑
n anY
n
, n > 0). This shows that the
Newtonian eets of the kineti Brans-Dike theory are
parametrized uniquely by ωkBD = ωBDP,Y and, there-
fore, all the experimental onstraints on ωBD in the liter-
ature [4℄ an be read equivalently as onstraints on ωkBD.
A order of unity ωBD is then aeptable if P,Y is very
large.
Conlusions. A salar-tensor metri e2ω(φ)gµν is ar-
guably the simplest, oldest, most studied and most mo-
tivated extension of Einstein's gravity. So far, however,
in almost all works a standard kineti term has been em-
ployed in salar-tensor theories (see e.g. [3, 4℄). Only
very reently, refs. [16, 17℄ generalized the lagrangian to
inlude both oupling and general kineti terms. On the
other hand, a generalized kineti term has been proposed
to aount for a phantom equation of state and kineti-
driven ination and on theoretial grounds (Born-Infeld
lagrangian, higher-order terms in superstrings). This pa-
per lies at the rossroad of these two streams: it inves-
tigates a kineti salar-tensor gravity, fousing on the
properties that do not depend on the partiular model.
Perhaps the most interesting result is that a eld with
equation of state w < −1 (a phantom eld) mediates a
repulsive fore, ontrary to ordinary spin-0 bosons. We
also derived the eld eetive mass in the general ase
and showed that it may indue lustering of dark en-
ergy. We also have shown that the Newtonian eets of
a kineti Brans-Dike model are parametrized by a single
quantity, ωkBD = ωBDP,Y , that generalizes the Brans-
Dike onstant.
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